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We study quantum phase transitions in graphene superlattices in external magnetic field, where
a framework is presented to classify multi-flavor Dirac fermion critical points describing hopping-
tuned topological phase transitions of integer and fractional Hofstadter-Chern insulators. We argue
and provide numerical support for the existence of transitions that can be explained by a non-trivial
interplay of Chern bands and van Hove singularities near charge neutrality. This work provides a
route to critical phenomena beyond conventional quantum Hall plateau transitions.
Electronic Chern bands[1, 2] are the building blocks of
the Hofstadter spectrum[3] when a large magnetic flux (of
order φ0 = h/e) penetrates the unit cell of the 2D lat-
tice. They give rise to quantum Hall phases beyond the
Landau level paradigm, which has attracted considerable
interest.[4–8] Rapid progress in the fabrication of super-
lattices with namometer scale unit cells has led to the ex-
perimental realization of integer[9–12] and fractional[13]
Hofstadter-Chern insulators (IHCI and FHCI), thereby
opening remarkable prospects to explore the non-trivial
interplay of lattice effects and electronic topology that is
inaccessible in regular 2D lattices.
Topological ground states supported in Chern
bands have been broadly studied using different ap-
proaches including numerical methods[4–8, 14–16], com-
posite fermions[17–22] and Lieb-Schultz-Mattis type
constraints.[23] On the other hand, the fundamental
question regarding the influence of lattice parameters
on the onset of topological phase transitions (TPTs)
in IHCIs and FHCIs has received significantly less
attention.[24–26] The complexity of the Hofstadter spec-
trum and the finite bandwidth of Chern bands that re-
flects their dependence on the lattice parameters and the
intra-cell magnetic flux appears to stand in the way of an
overarching understanding of lattice-tuned phase transi-
tions, which are distinct from Landau level plateau tran-
sitions tuned by the magnetic field.[27, 28]
In this paper we shed new light on TPTs in IHCIs
and FHCIs by providing a classification of their quantum
critical points and presenting a physical mechanism that
explains the onset of TPTs obtained by tuning lattice
parameters in the presence of a fixed background mag-
netic field. Numerical studies[24, 26] strongly support
the existence of continuous phase transitions tuned the
amplitude of a square lattice weak potential projected
on the lowest Landau level were reported in Refs. The
approach undertaken in this work, on the other hand, be-
gins with an effective tight-binding description (“strong
potential”) of a honeycomb superlattice where the mag-
netic field is incorporated by a Peirls substitution and
discusses topological transitions tuned by hopping ampli-
tudes of the lattice. The realization of graphene super-
lattices via nanolithography [29–34] not only provides
a motivation for this study but also offers a promising
platform to test these ideas.
We now state the main results of the paper: (1) We
show that hopping-tuned TPTs on the honeycomb lattice
in the presence of a fixed rational intra-cell magnetic flux
φ = (p/q)φ0 are characterized by q Dirac fermions (DFs)
located in high-symmetry momenta of the magnetic Bril-
louin zone. The number of DF flavors and their mo-
mentum space distribution are derived analytically from
the properties of a non-trivial function that implicitly
sets the momentum dependence of all the Chern bands
of the spectrum. (2) We establish a surprising connec-
tion between van Hove singularities[35] and the onset of
TPTs near charge neutrality. (3) After establishing these
non-perturbative results for non-interacting IHCIs tran-
sitions, we further extend the analysis to hopping-tuned
FHCI transitions described by composite fermions.[17–
22]
Our setting is a honeycomb superlattice in a exter-
nal perpendicular magnetic field, B = ∂xAy − ∂yAx, de-
scribed by the single-particle nearest neighbor effective
Hamiltonian
H = −
∑
<r,r′>
tr,r′ e
i 2piφ0
∫ r′
r
dx·A(x) a†rbr′ + H.c. (1)
Here, a†r = a
†
m,n and b
†
r = b
†
m,n are spin polarized
fermionic creation operators on the two sublattices, r =
ma1 +na2, m,n ∈ Z is the lattice vector with basis vec-
tors a1 = a (3/2,−
√
3/2) and a2 = a (3/2,
√
3/2), and
tr,r′ = {t1, t2, t3} are nearest neighbor hopping elements,
as shown in Fig.1(a).
We work in the gauge A = (0, x +
√
3y, 0)B with ra-
tional flux φ = B
√
3
2 a
2 = (p/q)φ0 (p, q ∈ Z+ and co-
prime) per unit cell, and discuss TPTs within the sin-
gle particle Chern bands of the Hamiltonian (1). For
that we introduce the magnetic unit cell containing
2q inequivalent sites with corresponding lattice trans-
lation vectors (a˜1, a˜2) = (a1, q a2) . Then the Hamil-
tonian in reciprocal space is directly expressed as [36]
H = −∑k∈MBZ ψ†kτ1 ⊗ hkψk, where k = (k1, k2) ≡
k1 g˜1+k2 g˜2 is the momenta inside the magnetic Brillouin
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2FIG. 1. (a) Honeycomb superlattice with lattice constant in
the nms. (b) Momentum dependence on the Thouless func-
tion ξ. (c) Spectrum as function of ξ for φ = (1/3)φ0.
zone (MBZ), ki ∈ [−pi, pi), with g˜1 = 1/(3a)xˆ−1/(
√
3a)yˆ
and g˜2 = 1/(3qa)xˆ+1/(
√
3qa)yˆ being the reciprocal vec-
tors.
In the following we seek a non-perturbative under-
standing of how the energy bands depend on momentum
as well as the hopping parameters, beyond the isotropic
case.[37–39] For that, we establish the general form of
the spectral function P(E) = det (E I−H),
P(E) =
q∑
n=1
an({ti})E2n − ξ2({ti}, k1, k2) , (2a)
ξ({ti}, k1, k2) = |tq1 eiq k1−pi (q−1) + tq2 eik2 + tq3| > 0 . (2b)
Eq.(2) encodes a remarkable property of the Hofstadter
spectrum, originally noticed by Thouless in a differ-
ent context[40] (see also[37]), namely, that the momen-
tum dependence of the bands is entirely “compressed”
in a single function ξ(k), i.e. Eα(k) = Eα(ξ(k)) for
α = 1, ..., 2q. This property is illustrated in Figs. 1(b)
and 1(c), where the energy bands are plotted in terms of
the “Thouless function” ξ. We further notice that this
non-trivial momentum dependence is directly related to
the graphene band structure[41] subject to replacement
(k1, k2)→ (q k1−pi(q − 1), k2) and {ti} → {tqi }.
IHCI transitions - We will now derive exact results,
based on the properties of the Thouless function, that
lead to a classification of TPTs in the parameter space
(t1, t2, t3). On general grounds, consider a phase transi-
tion tuned by the hopping parameters where two Chern
bands touch at (ξF , EF ), where EF 6= 0 is the Fermi en-
ergy. (EF = 0 band touchings will be discussed shortly
after.) Let P(E) = ∑qn=1 cn (E2 − E2F )n − (ξ2 − ξ2F )
be the Taylor expansion of the characteristic polynomial
Eq.(2a) about E = EF , where ξF ≡ P(EF )6= 0 and cn
are coefficients readily determined. The even powers of
E in Eq.(2a) reflect the spectral particle-hole symmetry,
viz. non-zero energy eigenvalues form symmetric pairs
±E. Therefore, since ±EF 6= 0 are doubly degener-
ate roots of the characteristic polynomial, it follows that
P(E) = (E2 − E2F )2 g(E) , where g(E) is a polynomial
FIG. 2. TPTs of the φ = (1/7)φ0 lattice (α denotes band
index). (a) At (t1, t2, t3) = (1.24, 1, 1), 7 Dirac cones (only
one shown) form at k
(n)
min = (−pi/7 + 2pin/7, 0), n = 0, ..., 6.
(b) At (t1, t2, t3) = (2.73, 1, 1), 7 Dirac cones (only one shown)
form at k
(n)
max = (2pin/7, 0), n = 0, ..., 6.
in E of order 2(q − 2). This readily implies the coeffi-
cient c1 = 0, leading to the relation between the Thouless
function and the energy of the bands in the vicinity of
the touching point
ξ ≈ ξF + 2c2E2F ξ−1F (E − EF )2 , ξF 6= 0 . (3)
Consequently, the sign of c2 determines whether the tran-
sition occurs through the minimum (ξF = ξmin) or max-
imum (ξF = ξmax) of the Thouless function. Further-
more, upon expanding near the extremal points, i.e.,
ξmin(max)(k) ≈ ξ0+ a2 (k−kmin(max))2 [with a > 0(< 0)],
and substituting onto Eq.(3), we obtain the dispersion
E − EF = ±v∗F |k − kmin(max)| , v∗F = (aξF /4c2E2F )1/2 ,
(4)
characteristic of a Dirac cone centered at kmin(max).
Fig.2 presents two IHCI TPTs for φ = φ0/7 that confirm
the general behavior described in Eq.(3) and Eq.(4). The
considerations above, therefore, uncover a non-trivial link
between the classification of critical points and the global
properties of the Thouless function, which we now ad-
dress in detail.
Eq.(2a) establishes a one-to-one correspondence be-
tween the zero modes of ξ and band touchings at E = 0,
which are described by the low energy relation E ≈
±ξ/a1/21 . Then, we directly determine from Eq.(2b) that
the band structure with isotropic hoppings supports 2q
Dirac touchings at E = 0[42–44] located at
K
(n)
± =
(
±2pi
3q
+
pi
q
(2n+ q − 1) ,∓2pi
3
)
(5)
n = 0, · · · , q−1, and furthermore, that these band touch-
ings persist as long as∣∣∣ ∣∣∣ t1
t2
∣∣∣q − 1∣∣∣ ≤ ∣∣∣ t3
t2
∣∣∣q ≤ ∣∣∣ ∣∣∣ t1
t2
∣∣∣q + 1∣∣∣ . (6)
3Eq.(6), with q = 1, reproduces the stability of the pair of
Dirac cones in graphene bands.[45, 46] The global proper-
ties of the Thouless function lead to a remarkably simple
classification of critical points:
(I) If condition (6) holds, ξ ≥ 0 and there are 2q Dirac
band touchings at (ξ = 0, E = 0). Furthermore, TPTs at
non-zero Fermi energy occur through q Dirac band touch-
ings located at k
(n)
max = (pi(2n+q−1)/q, 0) , n = 0, ..., q−1,
where ξ(k
(n)
max) = ξmax.
(II) Outside the parameter space (6), ξ > 0 and the spec-
trum has a gap at half filling. The 2q zero modes of ξ
merge pairwise forming q quadratic minima at one of the
saddle points M
(n)
1 = (pi(2n+ q − 1)/q ,−pi ) , M (n)2 =
(−pi/q + pi(2n+ q − 1)/q , 0) or M (n)3 = (−pi/q+ pi(2n+
q − 1)/q ,−pi) , for n = 0, ..., q − 1. Then, EF 6= 0 criti-
cal points are realized by q Dirac band touchings located
either at the minima or the maxima of ξ. Taking, for
concreteness,
t2 = t3 = 1 , t1 > 0 , (7)
leads to case (I) for 0 < t1 ≤ 21/q and case (II) when
t1 > 2
1/q, where the q degenerate minima of ξ are lo-
cated at k
(n)
min = M
(n)
2 , for n = 0, ..., q − 1. The TPTs of
Fig.2 correspond to case (II) with the hopping parame-
ters Eq.(7).
(III) The q Dirac fermions at quantum criticality are
constrained by the action of magnetic translation, under
which (k1, k2)→ (k1 + 2piq , k2), and they account for the
transfer of Chern number ∆C = ±q between the bands,
according to standard parity anomaly considerations.[47]
We have performed extensive numerical calculations that
confirm the properties (I), (II) and (III).
Having classified the IHCI critical points, we now ad-
dress the mechanism underlying such phenomenon. Re-
markably, we argue and numerically demonstrate that
TPTs naturally occur when Chern bands cross the en-
ergy scales associated with the vHs of the DF band in the
center of the spectrum. In what follows, we shall demon-
strate this remarkable phenomenon using the hopping t1
in (7) as the tuning parameter.
To unearth the connection between vHs and TPTs,
we consider two Hofstadter systems, denoted A and B,
with fluxes φA = pA/qA and φB = pB/qB [henceforth
we set h = e = 1 such that φ0 = 1 and φ ∼ φ mod
(1)]. Furthermore, we impose upon these systems the
conditions (a) |(φA − φB)/φ0| << 1 and (b) qB  qA,
with the goal of addressing the TPTs of system B us-
ing the system A as a reference. For that, we initially
consider system A with ti = 1, which displays 2qA DFs
at half-filling with low-energy dispersion EDirac,A(k) ≈
ξA(ti = 1;k−K±)/a1/21 ; see Eq.(5). Due to particle-hole
symmetry, we restrict the following discussion to E ≥ 0.
General considerations give the characteristic Dirac-like
density of states (DOS) DA ∝ E near charge neutrality,
which is cut off by the van Hove singularity energy EAvHs
FIG. 3. (a) DOS of the Dirac center band at φ = (1/4)φ0 and
(t1, t2, t3) = (1, 1, 1). Inset shows the 8 gapless Dirac cones.
(b) DOS at φ = (11/45)φ0 and (t1, t2, t3) = (1, 1, 1) reflecting
the reconstruction of the Dirac band in (a). (c) DOS of the
Dirac center band at φ = (1/4)φ0 and (t1, t2, t3) = (1.44, 1, 1).
Inset shows the 8 gapped Dirac cones. The gap-opening
threshold is t1 = 2
1/4 ≈ 1.19. (d) DOS at φ = (11/45)φ0
and (t1, t2, t3) = (1.44, 1, 1) reflecting the the reconstruction
of the gapped Dirac band in (c). The inset shows the emer-
gence of Dirac fermions at the critical point.
that distinguishes electron-like from the hole-like states.
Fig.3(a) displays the DOS (for E ≥ 0) of the band near
charge neutrality for φA = 1/4, which supports 8 Dirac
fermions and has EAvHs ≈ 0.15. Notice that, compared
to the graphene bands[41], the magnetic field pushes the
vHs substantially closer to the charge neutrality point
due to the splitting of the graphene spectrum into 2qA
bands.
Furthermore, condition (a) ensures the spectrum of B
near half-filling can be understood as the response of
the DF band of A to a weak “residual” magnetic field,
which is expected to give rise to relativistic-like (non-
relativistic-like) Landau levels for E . (&)EAvHs . How-
ever, the Chern bands of B in the proximity to EAvHs
deviate substantially from the Landau level behavior.
This is illustrated in Fig.3(b) for the B system with
φB = 11/45 ≈ 1/4, where the said bands show more
pronounced bandwidths and narrower gaps in compari-
son with others. It naturally follows that the dependence
of EAvHs as t1 changes away from the isotropic point, as
shown in Fig.4, steers the “vHs-Chern bands” and gives
rise to a sequence of phase transitions. This mechanism
is one of the main aspects of this work.
The implicit momentum dependence of the band ener-
gies Eα(k) = Eα(ξ(k)) establishes that the vHs occur in
k space at saddle points of the Thouless function. Direct
calculation shows that ξ is degenerate on all the sad-
dle points M
(n)
1,2,3 when t1 = 1 and, furthermore, that
the degeneracy is partially broken for t1 6= 1.[36] For
1 < t1 < 2
1/q (case (I) above), we find that the vHs splits
4into a large peak at EAvHs,1 [due to ξ(M
(n)
1 ) = ξ(M
(n)
3 )],
and a small peak at EAvHs,2 [due to ξ(M
(n)
2 )]. The lower
vHs peak disappears in the lower band edge, for t1 > 2
1/q
(case (II) above), where an energy gap forms, which is
shown in Fig.3(c). Moreover, Fig.3(d) (see inset) displays
the onset of a phase transition as the result of the vHs-
Chern bands being steered by the EAvHs,1 energy scale.
A general depiction of the remarkable relationship be-
tween the vHs of system A and TPTs in the vHs-Chern
bands of B is shown in Fig.4. The energy scales EAvHs,1
and EAvHs,2, are shown, respectively, by the solid green
and purple curves in the interval t1 ≥ 1. In addition,
the Dirac energies EDirac,A(M
(n)
1 ) and EDirac,A(M
(n)
2 ) ,
which are shown in Fig.4 by dashed green and purple
curves, set upper bounds on the vHs energies evaluated
at the respective saddle points. It is noteworthy that
EAvHs,1 and E
A
vHs,2 track the center of the highest spectral
weight of the vHs-Chern bands of B and, as this pro-
cess unfolds, the bands of B are steered towards the two
vHs of A. This results in a transfer of spectral weight be-
tween the vHs-Chern bands that accounts for observed
phase transitions. Furthermore, according to the classifi-
cation of quantum critical points discussed above, each of
these critical points (marked by vertical arrows) realizes
qB Dirac points located at the global minima or max-
ima of the Thouless function, where a transfer of Chern
number |C| = qB occurs between the bands. We have nu-
merically confirmed that the transitions shown in Fig.4
indeed take place through 45 Dirac fermions.
FHCI transitions – The analysis of TPTs in the con-
text of non-interacting IHCIs also lead to non-trivial im-
plications about FHCI transitions tuned by the hopping
parameters in partially filled Chern bands. We approach
this question within the standard representation of an
FHCI with Hall conductance σxy(C) = C/(2C + 1) in
terms of a composite fermion system [17, 18, 48] in an
IHCI with σCFxy = C[19, 20], which is subject to a mean
field residual flux
φCF = φ− φCS , (8)
where φ = B
√
3
2 a
2 and φCS = 4n are, respectively,
the intra-cell fluxes due to the external magnetic field
and the Chern-Simons gauge field at lattice filling n, for
0 ≤ n ≤ 1 (the factor of 4 accounts for 2 attached flux
quanta and 2 sites per unit cell). Then, a TPT at fixed
B and n between FHCIs with σxy(C1) = C1/(2C1 + 1)
and σxy(C2) = C2/(2C2 + 1) can be effectively described
by a C1 → C2 composite fermion transition subject to
the constraint |C2 − C1| = qcf (recall property (III)),
where φCF = pcf/qcf is the flux of the composite fermion
state. Furthermore, Eq.(8) imposes a second constraint
that allows the identification of candidate TPTs between
Abelian FHCI states, which can be further studied by
other methods. In closing we present two such candidate
FHCI transitions realized in the composite fermion state
FIG. 4. TPTs of system B (φB = 11/45) steered by vHs
singularities of system A (φA = 1/4). All energies are rescaled
by the average band separation of the B system with t1 = 1.
EAvHs,1 and E
A
vHs,2 are represented, respectively, by solid green
and purple lines. Dashed lines represent EDirac,A = ξ/
√
a1
evaluate at the saddle points M1 and M2 of ξ. The CF phase
transitions are marked by vertical red arrows.
with φCF = 11/45, which are shown by vertical red ar-
rows in Fig.4. The first TPT is observed at t1 ≈ 1.02 at
filling n = 47/90 and external flux φ = 1/3, which is as-
sociated with EAvHs,2. Upon numerical calculation of the
composite fermion Chern numbers, we determine that
this is a transition between FHCIs with σxy(37) = 37/75
and σxy(−8) = 8/15. On the second transition, which
happens at t1 ≈ 1.44 with filling n = 50/90 = 5/9 and
external flux φ = 7/15, the Hall conductance jumps from
σxy(25) = 25/51 to σxy(−20) = 20/39. We point the
reader to the SM [36] for another example of FHCI tran-
sition.
In summary, we have proposed an analytical frame-
work to classify multi-flavor Dirac fermion critical points
describing hopping-tuned topological phase transitions
of integer and fractional Hofstadter-Chern insulators in
honeycomb superlattices. We have numerically discov-
ered a series of topological phase transitions that can
be explained by the non-trivial response of Chern bands
to van Hove singularities near charge neutrality. This
work opens many interesting directions to study quan-
tum critical phenomena in superlattices, including other
experimentally relevant setups such as twisted bilayer
graphene and transition metal dichalcogenides. Also, the
interplay of magnetic field and higher order van Hove
singularities[49, 50] can potentially provide even richer
critical phenomena. We leave these questions to future
work.
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1Supplemental Material
HONEYCOMB HOFSTADTER HAMILTONIAN IN THE MOMENTUM SPACE
By choosing the gauge A = (0, x+
√
3y, 0) and consider only the nearest-neighbor hopping, Eq.(1) takes the form
H = −
∑
m,n
a†m,n
(
t3 + ω
−nt1Tˆa1 + ω
nt2Tˆa2
)
bm,n + H.c. (S1)
where t1,2,3 are nearest neighbor hopping elements shown in Fig.1(a), ω = e
2pii pq and Tˆa1,2 are the translation operators
on the a1,2 directions, with the lattice constant a = 1. The magnetic unit cell is formed by extending the original
one q times in the a2 direction (see Fig.1(a)), giving rise to an effective tight-binding description with 2q sites per
magnetic unit cell, (asr, b
s
r), where s = 0, ..., q − 1, and translation vectors (a˜1, a˜2) = (a1, q a2) . In momentum space,
H = −
∑
k∈MBZ
ψ†k
(
0 hk
h†k 0
)
ψk , (S2)
with non-zero matrix elements of the q × q matrix hk given by
(hk)ss = t3 + t1 e
ik1 ω−s , s = 0, ..., q − 1 ,
(hk)s,s+1 = t2 ω
s , s = 0, ..., q − 2 ,
(hk)q−1,0 = t2 ω
q−1 eik2 ,
(S3)
where k = k1 g˜1 + k2 g˜2 , with ki ∈ [−pi, pi), denotes the momenta inside the magnetic Brillouin zone (MBZ) with
g˜1 =
1
3 xˆ− 1√3 yˆ and g˜2 = 1q ( 13 xˆ+ 1√3 yˆ) in Cartesian coordinates being the reciprocal vectors satisfying a˜i · g˜j = δij .
PROPERTIES OF THE THOULESS FUNCTION
As discussed after Eq.(2), the mapping from Thouless’s function ξ({tqi }, qk1, k2) to the eigen energies {Eα(ξ), α =
1, ..., 2q} determines the position of the band extremal and saddle points for the Hofstadter system φ = pqφ0. We
show two examples of the extremal and saddle points of ξ({ti}, k1, k2) in the two relevant hopping parameter regime
t2 = t3 = 1, t1 < 2 and t1 > 2 in Fig.(S1). The behavior of the Hofstadter bands Eα(ξ) can thus be derived from
ξ({ti}, k1, k2) using the replacement (k1, k2) → (q k1 − pi(q − 1), k2) and {ti} → {tqi }. Notice that the saddle points
of ξ are mapped to the saddle points of Eα, while the minimal and maximal can be directly mapped or switched by
the mapping for different α. We clearify this argument as the following: First, because the system has particle-hole
symmetry, we consider only the bands above charge-neutrality and define index β ≡ α−q and argue that when t1 < 0,
ξmin = 0, the bands with odd β take minimal at the Dirac points of ξ where k
(n)
0− = ([−fq(t1) + pi(2n+q−1)q ],−2fq(t1)),
fq(t1) = arccos(−tq1/2) (and the symmetry related point k(n)0+ ) and take maximal at k(n)max, the β-even bands vice
versa. When t1 > 0, ξ(k) > 0, the minimal of the β-odd bands and the maximal of the β-even bands are fixed in
k-space at the M
(n)
2 points.
2FIG. S1. (a) Thouless’s function ξ(k) in the first Brillouin zone at (t1, t2, t3) = (1.5, 1, 1). (b) Contour plot of ξ(k) at
(t1, t2, t3) = (1.5, 1, 1). ξmin = 0 at the Dirac points k0− = −(arccos(−0.75), 2 arccos(−0.75)) = (−2.41, 1.44) and k0+ =
(1.44,−2.41). (c) ξ(k) in the first Brillouin zone at (t1, t2, t3) = (2.5, 1, 1). (d) Contour plot of ξ(k) at (t1, t2, t3) = (2.5, 1, 1).
ξmin > 0 at M2 = (−pi, 0).
We can further infer that (i) when the t1 < 2
1
q the isolated Hofstadter bands must have dE/dξ = 0 at ξmin = 0 to
avoid discontinuity in ∇E(k0±) (ii) the t1 < 2 1q Chern transitions can only happen at kmax where ξmax = |2 + tq1| to
allow a diverging dE/dξ and support q Dirac cones in the magnetic Brillouin zone.
FURTHER EXAMPLES OF THE RELATION BETWEEN VHS-DF ENERGY SCALE AND CHERN
TRANSITIONS
The vHs of the B = 0 honeycomb band splits into two when the hopping parameter t1 is tuned away from the
isotropic lattice t1 = t2 = t3 = 1. The energies of the two B = 0 vHs’s EvHs,1 and EvHs,2 of the band above
charge-neutrality are given by Eq.(S4).
EvHs,1 = E(M1) = E(M3) = |t1|, (S4)
EvHs,2 = E(M2) = |2− t1| (t1 < 2)
If t1 > 2, the Dirac points are gaped and EvHs,2 disappears at the lower band edge. As an example, the DOS of the
graphene band at different t1 values is shown in Fig.(S2).
FIG. S2. (a) The B = 0 density of states at (t1, t2, t3) = (1, 1, 1). (b) The B = 0 density of states at (t1, t2, t3) = (1.2, 1, 1).
The vHs split into two. (c) The B = 0 density of states at (t1, t2, t3) = (2.2, 1, 1). The Dirac point is gaped and only EvHs,1 is
left.
The vHs splitting and disappearing by tuning the hopping parameters also applies to the honeycomb Hofstadter
bands due to the implicit momentum dependence on Thouless’s function. In fact, both the B = 0 and the Hofstadter
bands’ vHs’s can steer the Chern transitions in the honeycomb Hofstadter systems with a different but close flux
per unit cell. As argued in the main text, the following conditions must be satisfied: (a) For the steered system
B (undergoes Chern transitions) and the steering system A (provides the ”background” van Hove singularities),
[(φB − φA)/φ0] << 1 and (b) qB  qA. If φB = 1/qB , qB > 1, the steering system A is the B = 0 honeycomb
lattice. In this case, system B support Dirac band at charge-neutrality with graphene-like density of states as shown
in Fig.3(a). More examples of 1/qB systems are given in Fig.(S3) the Chern transitions of the φ = 1/7 system and in
3Fig.(S4) a composite fermion transition at φCF = 1/15 and n = 19/30 with B = 0 vHs’s. Furthermore, we point out
that the vHs’s of a non-Dirac Hofstadter band can also steer TPTs, for example, in Fig.(S5), the φB = 12/35 phase
transitions are shown with the vHs’s of the second band above charge-neutrality of the φA = 1/3 Hofstadter system.
However, there is a lot more to be explored on the mechanism behind these non-Dirac TPTs because of the narrow
bandwidth and the sensitivity to the change in the flux per unit cell.
FIG. S3. φ = 1/7 TPTs steered by the B = 0 vHs’s. The green line shows the van Hove singularity EvHs,1 and the purple
line showing EvHs,2 . Here w = 3/7. The TPTs are pointed out with black arrows.
FIG. S4. φ = 1/15 TPTs steered by the B = 0 vHs’s. The green line shows the van Hove singularity EvHs,1 and the purple
line showing EvHs,2 . Here w = 1/5. The phase transitions are pointed out with vertical arrows and the CF phase transition
in red particularly.
4FIG. S5. φB = 12/35 TPTs steered by the φA = 1/3 vHs’s of the 2nd band above charge-neutrality as an example of the
non-Dirac steering. The green line shows the van Hove singularity EvHs,1 and the purple line showing EvHs,2 . Here w = 3/35.
The TPT is pointed out with the black arrow.Notice that the band touchings deviates a litte bit from EvHs,1 suggesting a
complex mechanism behind the non-Dirac TPTs.
